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In this work we find charged slowly rotating solutions in the four-dimensional Einstein-
power-Maxwell non-linear electrodynamics assuming a negative cosmological constant.
By solving the system of coupled field equations explicitly we obtain an approximate
analytical solution in the small rotation limit. The solution obtained is characterized by
a flat horizon structure, and it corresponds to a toroidal black hole. The Smarr’s formula,
the thermodynamics and the invariants Ricci scalar and Kretschmann scalar are briefly
discussed.
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1. Introduction
Within the framework of Einstein’s General Relativity (GR)1 black holes (BHs)
are predicted to exist, and they are very important objects both for classical and
quantum gravity. Astrophysical BHs are supposed to be formed during the final
stages of massive stars, primordial BHs may be formed in the early Universe from
density inhomogeneities, and mini-black holes may be formed at colliders or in the
atmosphere of the earth in TeV-scale gravity scenarios in D-brane constructions of
the Standard Model.2–4 Furthermore, BHs have temperature and entropy,5, 6 and
emit radiation from their horizon.7, 8 Hawking radiation, since it is a manifestation
of a quantum effect in curved spacetime, has attracted a lot of interest in the
community although it has not been detected in the Universe yet.
The historical LIGO direct detection of gravitational waves9–11 has opened a
new window to the Universe, and has offered us the strongest evidence so far that
1
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BHs do exist in Nature and they merge. In the light of this development the so-
called quasinormal modes ω = ωR+ iωI , with a non-vanishing imaginary part, have
become very relevant, since they do not depend on the initial conditions, and they
thus carry unique information on the few BH parameters.12–14 Therefore it becomes
clear that BHs are exciting objects that link together several areas of research, from
gravity, to astrophysics, to quantum physics, to thermodynamics and statistical
physics, and they have become an excellent laboratory to study and understand
various aspects of classical and quantum gravity.
Soon after the formulation of GR, the Schwarzschild15 as well as the Reissner-
Nordstro¨m16 solutions were obtained, characterized by the mass and the electric
charge, respectively, and much later the Kerr solution17 for rotating BHs was found.
The theoretical paradigm of the no-hair theorem,18 according to which BHs are
uniquely characterized by its mass, electric and/or magnetic charge and angular
momentum (although counter examples do exist. See e.g. the recent reviews19, 20 on
hairy BHs), the Smarr’s formula,21, 22 and the area law of the BH entropy,5, 6 are
valid in GR coupled to Maxwell’s linear electrodynamics in (1+3) dimensions. There
are, however, good theoretical reasons to consider alternative theories of gravity, or
non-linear electrodynamics or extra dimensions. In all of these cases some of the
previous conditions are modified or violated.
Kaluza-Klein theories,23, 24 supergravity25 and Superstring/M Theory26, 27 have
pushed forward the idea that extra spatial dimensions may exist. In more than four
dimensions higher order curvature terms are natural in Lovelock theory,28 and also
higher order curvature corrections appear in the low-energy effective equations of
Superstring Theory.29 Furthermore, gravity in (1+2) dimensions is special and has
attracted a lot of attention due to the deep connection to a Yang-Mills theory with
the Chern-Simons term only,30–32 and also due to its mathematical simplicity as
there are no propagating degrees of freedom. What is more, the current cosmic accel-
eration33, 34 and the cosmological constant problem35 have forced us to explore other
possibilities modifying the gravitational theory, and studying e.g. f(R) theories of
gravity36, 37 or scalar-tensor theories of gravity38 or brane models.39 In addition,
non-linear electrodynamics has attracted a lot of attention for several different rea-
sons. Originally the Born-Infeld non-linear electrodynamics was introduced in the
30’s in order to obtain a finite self-energy of point-like charges.40 During the last
decades this type of action reappears in the open sector of superstring theory as it
describes the dynamics of D-branes.41, 42 On the other hand, straightforward gener-
alization of Maxwells theory leads to the so called Einstein-power-Maxwell (EpM)
theory described by a Lagrangian density of the form L(F ) = F s, where F is the
Maxwell invariant, and s is an arbitrary rational number. Clearly the special value
s = 1 corresponds to linear electrodynamics.
Currently, this class of non-linear electrodynamics has been receiving attention
in several contexts.43–48 The reason why studying such a class of theories is inter-
esting lies on the fact that Maxwell’s theory in higher dimensions is not conformally
invariant. In47 it was shown that in higher-dimensional Conformal Gravity in order
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to obtain charged BH solutions one has to consider the EpM theory, and there is
no other option. In a D-dimensional spacetime the electromagnetic stress-energy
tensor is traceless if the power s is chosen to be s = D/4. Therefore in four dimen-
sions the linear theory is conformally invariant, and this corresponds of course to
the standard Maxwell’s theory. In a three-dimensional spacetime, however, if s = 1
the theory is linear but the electromagnetic stress-energy tensor is not traceless,
whereas if s = 3/4 the theory is conformally invariant but non-linear.
Smarr’s formula in non-linear electrodynamics has been studied in,49, 50 and in
5D supergravity in.51 Many black hole solutions, rotating and non-rotating, already
exist in the literature, and have been obtained in several different contexts. We
mention here the following cases: BH solutions in brane-world models have been
obtained in,52, 53 for a review on BHs in higher curvature gravity see e.g.,54 and
in f(R) theories of gravity in.55 The charged rotating BH in (1+2) dimensions
has been obtained in,56 charged rotating BHs in supergravity have been obtained
in,57, 58 and the higher-dimensional rotating BH has been obtained in.59 Finally,
charged BH solutions in (1+2)-dimensional and higher-dimensional EpM theories
have been obtained in45 and46 respectively.
Slowly rotating BH solutions in non-linear electrodynamics in four dimensions
have been obtained in,60 and in EpM theory in particular in any number of dimen-
sions D ≥ 4 in.61 In all of these cases the solutions are characterized by spherical
horizon structure. It is possible, however, to construct rotating solutions with flat
horizon structure.62, 63 Our goal here is to obtain a charged rotating solution with
flat horizon structure in non-linear electrodynamics. Therefore in the present arti-
cle we obtain in an analytical way another class of charged slowly rotating toroidal
black holes in EpM theory with a negative cosmological constant, generalizing the
charged solution studied in63 in the framework of the Einstein-Maxwell theory.
Our work is organized as follows: After this introduction, we present the theory
and the set of coupled field equations in section 2, while in the third section we
obtain non-rotating charged solutions with flat horizon structure. The slowly rotat-
ing charged black hole with toroidal topology is obtained in an analytical way by
solving the field equations explicitly in section 4. Finally, we conclude our work in
Section 5.
2. The action and the set of fields equations
Let us consider the theory in (1+3) dimensions described by the action
S[gµν , Aµ] =
∫
d4x
√−g
[
1
2κ
(R− 2Λ)− α(FµνFµν)s
]
(1)
where κ = 8piG, with G being Newton’s constant, is the gravitational constant, s is
an arbitrary rational number, R is the Ricci scalar, g the determinant of the metric,
Fµν is the electromagnetic field strength, and Λ is the cosmological constant, which
for the time being can be either positive or negative. Besides, we recover the linear
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Maxwell’s theory for s = 1. Varying the action with respect to the potential Aµ one
obtains the generalized Maxwell’s equations46
∂µ(
√−gFµνF s−1) = 0 (2)
where F ≡ FµνFµν is the Maxwell invariant, while varying with respect to the
metric tensor gµν one obtains Einstein’s field equations
46
Rµν − 1
2
Rgµν + Λgµν = κT
EM
µν (3)
where Rµν is the Ricci tensor, and T
EM
µν is the electromagnetic tensor
TEMµν = 4α
[
sFµρF
ρ
ν F
s−1 − 1
4
gµνF
s
]
(4)
= Agµν +DFµρF
ρ
ν (5)
where we have introduced the quantities
A = −καF s (6)
D = 4καsF s−1 (7)
Taking the trace of Einstein’s equations we can express the Ricci scalar in terms
of the trace of the electromagnetic stress-energy tensor, and after that the field
equations take the form
Rµν − Λgµν = Θµν ≡ (2s− 1)gµν +DFµρF ρν (8)
3. Non-rotating charged solutions
3.1. Solutions with spherical horizon structure
For static solutions without rotation we employ the coordinate system t, r, θ, φ, we
identify the coordinates as xµ = {t, r, θ, φ} and we make for the Maxwell’s potential
the ansatz Ai = 0, At(r), while for the metric tensor we make the ansatz
ds2 = −f(r)dt2 + f(r)−1dr2 + r2γijdxidxj (9)
where the indices i, j run from 1 to 2, and γij is the metric of a 2-dimensional surface
with constant curvature k = −1, 0, 1. In the case where k = 1 (spherical horizon
structure), γijdx
idxj = dθ2 + sin2(θ)dφ2, the solution is given by
fk=1(r) = 1− 2M
r
+
B
rβ
− Λr
2
3
(10)
Ftr =
C
rβ
(11)
where setting the charge of the black hole to zero, B = 0, we recover the
Schwarzschild-(anti) de Sitter solution, while setting Λ = 0 we recover the BH
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solution obtained in46 with M being the mass of the black hole, C being a constant
of integration, and β,B are computed to be
β =
2
2s− 1 (12)
B = −κα(−2C2)s (2s− 1)
2
3− 2s (13)
assuming β > 1 so that the standard Reissner-Nordstro¨m-(anti) de Sitter BH
of Maxwell’s linear theory, s = 1, is included as a special case. The choice
α = (2κ(−1)s+1)−1 limits to the familiar Gaussian units used in RN, for which
C = Q,B = Q2, with Q being the electric charge of the black hole. The electric
charge for a generic electromagnetic Lagrangian L is computed by50(
∂L
∂F¯
)
E =
Q
r2
(14)
with E = Ftr being the electric field, and F¯ = F/4. We find
C =
(
Q
s2s−1
) 1
2s−1
(15)
B = 2s−1
(2s− 1)2
3− 2s
(
Q
s2s−1
) 2s
2s−1
(16)
which for s = 1 are reduced to C = Q and B = Q2.
The thermodynamics of this class of BHs has been studied in,64 while the Smarr’s
formula for this non-linear electrodynamics takes the form49, 50
M = 2THS +
1
s
QΦH (17)
where S is the entropy, TH is the Hawking temperature, and ΦH is the electrostatic
potential evaluated at the horizon. Clearly, for s = 1 we recover the standard formula
for the Reissner-Nordstro¨m-(anti) de Sitter BH.22
3.2. Solutions with flat horizon structure
In the present work we shall consider the case where k = 0 and in which γijdx
idxj =
dθ2+dφ2. In this case it is advantageous to slightly change the notation, and adopt
a coordinate system t, r, φ, z with a line element for the metric of the form65
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dφ2 + r
2
l2
dz2 (18)
where the range of the coordinates φ, z determines the kind of the black hole (cylin-
drical, planar or toroidal).65 Then the diagonal components of the Ricci tensor are
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computed to be
Rtt =
f(r)
2
(
f ′′(r) +
2f ′(r)
r
)
(19)
Rrr = −rf
′′(r) + 2f ′(r)
2rf(r)
(20)
Rφφ = −f(r)− rf ′(r) (21)
and Rzz = Rφφ, where the prime denoted differentiation with respect to the radial
coordinate. Furthermore, the diagonal components of the tensor Θµν are given by
Θtt = (4s− 1)ακf(r)(−2)s(q′)2s (22)
Θrr = − (4s− 1)ακ(−2)
s(q′)2s
f(r)
(23)
Θφφ = −(2s− 1)ακr2(−2)s(q′)2s (24)
and Θzz = Θφφ.
The generalized Maxwell’s equation gives us for Ftr the same solution as before
in the k = 1 case, while using the Rφφ = Θφφ field equation, the metric function is
now computed to be
fk=0(r) = −µ
r
+
B
rβ
− Λr
2
3
(25)
Ftr =
C
rβ
(26)
and β,B are still given by the previous expressions, while the mass scale µ is related
to the conserved mass M of the black hole.
When the charge is zero, B = 0, a horizon exists only for a negative cosmo-
logical constant, Λ = −3/l2. Therefore in the following we shall consider this case.
When the black hole is charged there are a Cauchy (inner) and an event horizon,
r−, rH respectively. The solution presented here is the generalization of the solution
considered in63, 66 in the framework of the Einstein-Maxwell theory. Its properties
were discussed in detail, and the Penrose-Carter diagrams67, 68 were drawn as well
in,63 while its thermodynamics was studied in.66
When z is compact, 0 ≤ z < 2pil, both φ and z/l take values in the range
[0, 2pi), and the solution considered here corresponds to a toroidal black hole65, 69
with surface area AH = 4pi
2r2H .
70 Furthermore, the mass parameter µ and the
conserved mass M are related via µ = 2M/pi.70 The Bekenstein-Hawking entropy
S still satisfies the area law
S =
1
4
AH = pi2r2H (27)
What is more, the Hawking temperature is given by
TH =
1
4pi
f ′k=0(rH) (28)
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where the event horizon rH is determined solving the algebraic equation fk=0(rH) =
0, which implies
r3H
l2
= µ− B
rβ−1H
(29)
and then the Hawking temperature takes the form
TH =
1
4pir2H
(
3µ− β + 2
rβ−1H
B
)
(30)
Combining the expressions for S and TH we obtain the new Smarr’s formula for a
charged toroidal black hole, which reads
3µ =
4
pi
TH S +
B
C
(β − 1)(β + 2) ΦH (31)
which is our first main result in this work, and which for the linear theory s = 1
takes the simple form
3M = 2TH S + 2pi Q ΦH (32)
We see that it has the usual structure ”mass term = thermodynamics + charge
term”, although now the numerical prefactors are different compared to the k = 1
case.
4. Charged slowly rotating toroidal black holes in EpM
To find stationary axisymmetric solutions we make for the Maxwell’s potential the
ansatz
At = q(r) (33)
Ar = 0 (34)
Aφ = a p(r) (35)
Az = 0 (36)
while for the line element we make the ansatz
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dφ2 + r
2
l2
dz2 + 2ah(r)dtdφ (37)
where a is the rotation parameter assumed to be small. We shall be working in
leading order in a neglecting all terms of second and higher order.
It is straightforward to compute the components of the Ricci tensor, of the
electromagnetic field strength tensor, and of Θµν at leading order in a. We find that
the non-vanishing components of Fµν are the following
F rt = q′(r) (38)
Fφr = a
hq′ + fp′
r2
(39)
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The non-vanishing components of Θµν and Rµν are as follows: The diagonal
components are the same as when a = 0 plus corrections of second order which are
neglected, and we thus obtain for f(r) the same metric function as in the a = 0
case
f(r) = fk=0(r) = −µ
r
+
B
rβ
+
r2
l2
(40)
The only non-diagonal component is the tφ one, which is computed to be
Rtφ = −a
2
(
f h′′ +
2 h f ′
r
)
(41)
Θtφ = a
ακ(−2)s(q′)2s[2sfp′ − (2s− 1)hq′]
q′
(42)
Regarding the generalized Maxwell’s equations, two of them are automatically sat-
isfied, while out of the two non-trivial ones the first equation reads
2q′(r) + (2s− 1)rq′′(r) = 0 (43)
which can be easily integrated to obtain
q(r) = C1 +
C
(β − 1)rβ−1 (44)
with two integration constants C,C1. However, demanding that
lim
r→∞
q(r) = 0 (45)
C1 is taken to be zero, and we thus obtain the F
tr = C/rβ of the non-rotating case.
Therefore in total we are left with the following two equations for the unknown
functions p(r), h(r)
Rtφ = Θtφ + Λgtφ (46)
0 =
∂
∂r
(r2F s−1F rφ) (47)
The equations above are satisfied taking p(r) = −q(r) and h(r) = fk=0(r) − r2/l2.
This concludes the construction of the solution, and we thus find that the unknown
functions are computed to be
Aφ = −a C
(β − 1)rβ−1 (48)
h(r) = −µ
r
+
B
rβ
(49)
which is our second main result in this work.
It is easy to verify that the black hole solution presented and discussed in,63, 69
when all quadratic terms in a are neglected, is reduced to the solution obtained
here for s = 1. Note, however, that in,63, 69 since the authors in these works discuss
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a black string with cylindrical topology, M,Q are the mass and the electric charge,
respectively, per unit length along the cylinder axis.
We can investigate the effect of rotation on the invariants as well. In particular
we will focus on two of them, i.e the Ricci scalar R and the Kretschmann scalar K.
Given the metric (37), we obtain at leading order in a
R = −f ′′(r)− 2 [2rf
′(r) + f(r)]
r2
+O(a2) (50)
K = f ′′(r)2 + 4
[
r2f ′(r)2 + f(r)2
]
r4
+O(a2) (51)
We see that the parameter a is absent at first order. After the replacement of Eq.
(40) into Eqs. (50) and (51) we explicitly have
R = 4Λ− (β − 2)(β − 1) B
rβ+2
(52)
K = 1
3
r−2(β+3)
[
3
(
(β(β + 2) + 5)β2 + 4
)
B2r2 − 4Brβ+1×
(
3(β + 1)(β + 2)µ+ (β − 2)(β − 1)Λr3)+ 4r2β (9µ2 + 2Λ2r6)
] (53)
and we observe that no singularities appear due to the slow rotation.
Before we finish a few remarks are in order. Since the metric function fk=0(r)
remains the same as in the non-rotating case, both the entropy S and the Hawking
temperature TH are still given by the same formulas. What is more, the presence of
the angular momentum in general modifies the Smarr’s formula, in which an extra
term is added.22 The extra term, however, is of second order in the rotation param-
eter a, whereas in this article we work in leading order. Therefore, the extra term
due to the non-vanishing angular momentum is negligible, and the Smarr’s formula
remains intact in the case of the slowly rotating BH solutions, which can be easily
verified explicitly. Finally, it would be interesting to investigate how the proper-
ties of the solution obtained here are modified in the framework of the so called
scale-dependent scenario, where the coupling constants acquire a dependence on
the scale, i.e. {G0,Λ0} → {Gk,Λk}), and which has received considerable attention
lately.71–80 We hope to be able to address that issue in a future work.
5. Conclusions
We have constructed charged slowly rotating solutions with flat horizon struc-
ture, corresponding to toroidal black holes, in the four-dimensional Einstein-power-
Maxwell non-linear electrodynamics including a negative cosmological constant. Un-
der the only approximation that the rotating parameter a is small, we have explicitly
computed the non-vanishing components of the Ricci tensor in leading order in a,
and we have solved analytically the system of coupled equations for the metric
functions as well as for the Maxwell’s potential. The thermodynamics, the Smarr’s
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formula as well as the two invariants, Ricci scalar R and Kretschmann scalar K, are
briefly discussed.
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